We propose a method to compute the exact number of charged localized massless matter states in an F-theory compactification on a Calabi-Yau 4-fold with non-trivial 3-form data. Our starting point is the description of the 3-form data via Deligne cohomology. A refined cycle map allows us to specify concrete elements therein in terms of the second Chow group of the 4-fold, i.e. rational equivalence classes of algebraic 2-cycles. We use intersection theory within the Chow ring to extract from this data a line bundle class on the curves in the base of the fibration on which charged matter is localized. The associated cohomology groups are conjectured to count the exact massless spectrum, in agreement with general patterns in Type IIB compactifications with 7-branes. We exemplify our approach by calculating the massless spectrum in an SU (5) × U (1) toy model based on an elliptic 4-fold with an extra section. The explicit evaluation of the cohomology classes is performed with the help of the cohomCalg-algorithm by Blumenhagen et al.
Introduction
The central question of this work concerns the way how the exact charged massless spectrum is encoded in the 'gauge bundle data' of an F-theory [1, 2, 3] compactification to four dimensions. Apart from posing an exciting mathematical challenge by itself, the computation of the exact charged spectrum is of great relevance to phenomenological applications of F-theory as pioneered in [4, 5, 6, 7] and studied intensively in the recent literature. The massless gauge and matter degrees of freedom of an F-theory compactification are understood most generally by duality with M-theory. Non-abelian gauge bosons on a 7-brane along a complex codimension-one cycle on the base B 3 of the elliptic fibration Y 4 arise from the excitations of M2-branes wrapped along combinations of vanishing P 1 s in the fiber; these intersect like the affine Dynkin diagram of the associated Lie algebra and give rise, in the zero-volume limit, to an ADE-type singularity in the fibre. Throughout this paper we will work with a Calabi-Yau resolutionŶ 4 of Y 4 , assuming it exists, corresponding to a non-vanishing volume of the fibre P 1 s.
Similarly, massless matter arises from suitable zero mode excitations of M2-branes wrapped around certain vanishing P 1 s in the elliptic fiber. Apart from so-called bulk matter, which propagates along the entire 7-branes of the F-theory compactification, extra charged M2-brane zero modes localise on complex curves C R in the base B 3 , where one or two 7-brane loci (self-)intersect [8] . Over these curves the singularity type of the fibre enhances, i.e. one or more of the fiber P 1 s split. The representation R of the gauge group G in which the asscociated chiral N = 1 supermultiplets transform is endoced in the geometry of the new P 1 s over the curve C R . The precise number of chiral N = 1 supermultiplets in representation R andR depends on additional 'gauge bundle data'. This data is encoded, by duality with M-theory, in the 3-form potential C 3 and its field strength G 4 ∈ H 2,2 (Ŷ 4 ).
At the level of the chiral index of massless states, the specification of gauge flux G 4 is sufficient. This is because the chiral index of charged massless states localised on the matter curve C R is expressed as A R G 4 , where A R is the matter surface consisting of the wrapped P 1 s fibered over C R . While in absence of a microscopic understanding of the quantum theory of M2-branes in M-theory this formula has not been derived from first principle, it has been checked by duality with heterotic string theory [4, 9, 10] , Type IIB with 7-branes [11, 12, 13, 14] and M-theory [15] .
The computation of the exact massless spectrum requires a much finer specification of the 3-form data than in terms of G 4 ∈ H 2,2 (Ŷ 4 ). A definition of the M-theory 3-form data in topologically non-trivial situations has been given in [16, 17, 18] in the language of CheegerSimons twisted differential characters [19] . In this paper we will use an equivalent formulation [20, 21] in terms of Deligne cohomology [22] . The relevance of either of these two formulations for F/M-theory compactifications has been stressed in various places in the recent F-theory literature including [23, 14, 24] .
Deligne cohomology can be thought of as the generalisation of the Picard group of gauge equivalence classes of line bundles to a higher form gauge theory. In particular, we can think of the Deligne cohomology group H 4 D (X, Z(2)) as the object that fits into the short exact sequence The starting point for our analysis is the observation that a convenient way to specify such 3-form data in H 4 D (Ŷ 4 , Z(2)) is in terms of the Chow group CH 2 (Ŷ 4 ), the group of rational equivalence classes of algebraic 2-cycles on Y 4 . 1 This obervation is based on the existence of a well-known map from CH 2 (Ŷ 4 ) to H 4 D (Ŷ 4 , Z(2)) -the so-called refined cycle mapγ [22, 25] -which allows us to associate to each rational equivalence class of algebraic 2-cycles a piece of 3-form data.
The relation between algebraic cycles and gauge data in F/M-theory as such is of course not new. Indeed in [11] the existence of a map from the group of algebraic 2-cycles into H 2,2 (Ŷ 4 ) -the cycle map γ -has been used to construct interesting G 4 fluxes. The intersection number in homology with the matter surfaces computes the chiral index of charged massless modes, as described above.
Our approach is to exploit the refined cycle map to specify not only a gauge flux G 4 , but a full set of 3-form data in H 4 D (Ŷ 4 , Z(2)) via algebraic cycles up to rational equivalence. As will be reviewed in section 2.3, rational equivalence is a refinement of the notion of homological equivalence (see e.g. [26] for details). While two homologically equivalent algebraic cycles describe the same G 4 -flux, two rationally equivalent algebraic cycles describe even the same 3-form data up to gauge equivalence and not only the same gauge flux. Therefore the intersection product in the Chow ring [27] -i.e. the intersection product up to rational (as opposed to homological) equivalence -is a legitimate operation if we are interested in preserving the full information about the 3-form data up to gauge equivalence and not merely topological information e.g. about the chiral index.
Indeed we describe a well-defined procedure based on intersection theory on the Chow ring CH(Ŷ 4 ) as developed in [27] which allows us to extract from an element in CH 2 (Ŷ 4 ) a line bundle class on the matter curves C R with representative bundle L R . We further conjecture that the localised charged massless matter multiplets of an F-theory compactification are counted by H i (C R , L R ⊗ K C R ) with K C R the spin structure on C R determined by the holomorphic embedding of the matter curve into the Calabi-Yau 4-fold in an N = 1 supersymmetric configuration. The very fact that the massless localised charged matter multiplets are counted by cohomology groups of the form H i (C R , L ⊗ K C R ) for some line bundle L is of course well-known from Type IIB models with intersecting 7-branes [28] . It was also derived in [4, 5] in more general F-theory models from the perspective of the twisted N = 1 gauge theory on a stack of 7-branes deformed locally into an intersecting configuration. However, a priori the relation between the line bundle L and the G 4 -flux of a globally defined 4-fold is not obvious. Our analysis explains how to extract the bundle data on the matter curve for general 3-form configurations, without making use of any local approximations.
The way how to extract the line bundle L R on C R is essentially integration along the fiber, which, as noted above, is well-defined within rational equivalence groups. It bears some resemblance with the cylinder map exploited in the context of spectral covers [20, 9, 29, 30, 14] . Note in particular that in [31] cohomology groups counting charged matter states in spectral cover models have been explicitly computed. Our approach is generally valid also in generic F-theory compactifications which cannot be described by spectral covers. In particular this includes e.g. the spectrum of charged singlet fields on matter curves away from a 7-brane with non-abelian gauge group as appearing in 4-dimensional F-theory compactications with extra abelian gauge groups [32, 12, 33, 13, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43] . We also point out that ref. [23] approaches the counting of zero modes arising at curves of conifold singularities in M/F-theory by analysing the stable points of the superpotential and by describing the 3-form data in the language of Cheeger-Simons differential characters.
The assertion that the above line bundle L R on C R indeed counts the massless zero modes is not only natural, but also fully agrees with expectations both from a Type IIB and heterotic perspective. We exemplify this for the special case of 3-form data underlying the U (1) gauge flux of an F-theory model with extra abelian gauge symmetry. To demonstrate the applicability of our approach we compute the exact massless spectrum of an SU (5) × U (1) X F-theory compactification of the type worked out in detail in [12] . The concrete 3-form data of this toy model is chosen such that its associated flux leads to three chiral generations of SU (5) matter. The problem is reduced completely to the computation of a certain line bundle cohomology on a curve on the base B 3 . If B 3 is holomorphically embedded into a smooth toric variety and for suitable 3-form data, theses cohomologies can be conveniently computed in concrete examples with the help of the cohomCalg algorithm developed by Blumenhagen et al. [44, 45, 46, 47, 48] and standard techniques from homological algebra.
The remainder of this article is organised as follows: To set the stage we recall in section 2.1 the counting of massless matter in Type IIB compactifications with 7-branes, which we are aiming to generalise to F/M-theory. In section 2.2 we review the connection between Deligne cohomology and the 3-form data up to gauge equivalence. Our approach to specify elements in the Deligne cohomology via rational equivalence classes of algebraic cycles is described in section 2.3. For convenience of the reader we also include, in section 2.4, some of the standard properties of Chow groups with focus on the well-known intersection product which we will need for our purposes. In section 3.1 we use this machinery to extract from an element of CH 2 (Ŷ 4 ) a line bundle equivalence class on a matter curve C R , whose cohomology classes are naturally conjectured to count the massless charged N = 1 chiral supermutliplets. In section 3.2 we specify this apporach to 3-form data underlying a U (1) gauge flux and find full agreement with the corresponding well-established formulae in Type IIB. Section 4 applies our findings to an SU (5)×U (1) F-theory toy model. After defining the model in section 4.1, we describe in general how in suitable configurations the cohomology classes defined in section 3.2 can be computed with the help of the cohomCalg algorithm [44, 45, 46, 47, 48] and the use of Koszul spectral sequences. This is described in section 4.2. Finally, in section 4.3 all of this is exemplified for a 3-form configuration which gives rise to three chiral generations of SU (5) × U (1) matter, plus vectorlike pairs, whose number we compute. An outlook is given in section 5. Details of the cohomology computations of section 4 and more background on the definition of Deligne cohomology are presented in the appendices.
2 Gauge data from Deligne cohomology
Review of line bundles and their cohomologies in Type IIB
We start by reviewing in this section the description of gauge data in Type IIB string theory. This well-known material will serve as a preparation for the definition of gauge in F/M-theory, which is probably less familiar to most readers.
Consider a Type IIB orientifold compactification including a set of stacks of N i 7-branes wrapping holomorphic cycles D i of complex dimension two of the Calabi-Yau 3-fold X 3 . 2 To define the internal gauge data one has to specify in general an element of the derived bounded category D b (X 3 ) of coherent sheaves on X 3 . A typical element of D b (X 3 ) corresponds to a bound state of coherent sheaves localized along the complex 2-cycles D i , where physically the existence of a non-trivial bound state is associated with a non-zero vacuum expectation value of some of the charged open string zero modes at the intersection of the branes. These correspond to the morphisms between the sheaves in the category of coherent sheaves. For a review of this picture we refer e.g. to [49] .
For simplicity we focus in the sequel on special situations in which the morphisms are turned off and the individual sheaves can be described as line bundles on the respective 4-cycles D i . In particular we assume vanishing gluing morphisms [29, 30] . In addition we focus on abelian gauge data. With these simplifying assumptions specifying the gauge data amounts to specifying an isomorphism class of line bundles L i on D i with two representatives of the equivalence class being equal if the two associated line bundles differ only by a gauge transformation. As preparation for the definition of gauge data in F-theory we now briefly review how to specify such an equivalence class of line bundles.
Given a line bundle L on a smooth complex projective variety X, the first Chern class
Isomorphism classes of holomorphic line bundles form the Picard group Pic(X). Its group structure is given by the tensor product of line bundles, that is for isomorphism
Since taking the first Chern class behaves additively with respect to the tensor product,
, which is in fact surjective and whose kernel is called Pic 0 (X). In other words, there is an exact sequence
The Picard group Pic(X) can be identified with the first sheaf cohomology group of O * X , the sheaf of invertible holomorphic functions on X, 3
Now, consider the exponential exact sequence
where Z X is the sheaf of integers over X and O X denotes the sheaf of holomorphic functions on X. The first map denotes multiplication with 2πi and the second map is exponentiation. Its associated long exact sequence in cohomology
can be identified with H 1 (X, O X )/H 1 (X, Z). Now by Hodge theory
and since complex conjugation simply exchanges the grading H 1,0 = H 0,1 , there is an isomorphism of real vector spaces
Therefore the lattice H 1 (X, Z) ⊂ H 1 (X, R) can be seen as a lattice in H 0,1 (X). In conclusion Pic 0 (X) = H 0,1 (X)/H 1 (X, Z) is a torus, also known as the Jacobian J 1 (X) of X. It parametrizes, in physics language, the inequivalent Wilson lines, i.e. the flat connections.
If X is simply connected, i.e. π 1 (X) = 0, the Jacobian J 1 (X) = 0 and a line bundle is, up to gauge equivalences, uniquely specified by its first Chern class. More generally, the details of the gauge data such as the spectrum of massless states depend on finer data than merely an element in H 1,1 Z . On a smooth irreducible projective variety the group Pic(X) is isomorphic to the group Cl 1 (X) of Cartier divisors modulo linear equivalence. These in turn are isomorphic, on a smooth irreducible projective variety, to the group of Weil divisors modulo linear equivalence. The latter correspond to formal linear combinations of algebraic subvarieties of codimension 1, where two divisors are equivalent if they differ by the zeros and poles of a globally defined meromorphic function on X. This group is known as the first Chow group CH 1 (X) of X.
A complication arises because due to the Free-Witten anomaly, the field strength of the gauge potential on a 7-brane along D i must be quantized such that [51] 1 2πi
Here and throughout this paper we assume vanishing torsion B-field. If D i is not spin, F is therefore not the field strength of an integer quantised line bundle due to a 1/2 shift. This will not pose any problems for us and we will, by abuse of language, still speak of a line bundle on D i (even though it is more correctly a Spin C bundle [51] ).
To summarize, under the simplifying assumptions stated, we can think of the gauge data of a Type IIB compactification in terms of a set of divisor classes on each of the holomorphic 2-cycles D i wrapped by the 7-branes of the compactification.
There are two types of massless open string modes -the so-called bulk modes whose wavefunction is defined on the entire 2-cycle D i and the localized zero modes defined at the intersection curves C ab = D a ∩ D b of two 2-cycles. The most general framework to describe these is in the language of Ext groups [28] . If all sheaves are given by line bundles L i it suffices to instead switch to the more familiar language of cohomology groups. In particular, the localized massless excitations of open strings stretched between D a and D b are counted by
and K C ab denotes the spin bundle on C ab . Let us fix our conventions such that H 0 (C ab , L ab ⊗ K C ab ) counts the number of N = 1 chiral multiplets in representation (N a , N b ) with respect to the gauge group U (N a ) × U (N b ) on the two brane stacks;
If supersymmetry is broken spontaneously, the mass degeneracy between the bosonic and fermonic states within this chiral multiplet is lifted and in general only a chiral Weyl fermion remains massless. The associated index is
Note that the Freed-Witten condition (2.8) ensures that L ab is integer quantized on C ab . While the index depends only on the cohomology class of c 1 (L a ) and c 1 (L b ), the actual cohomology groups are sensitive to the equivalence classes of L a and L b as elements of Pic(D a ) and Pic(D b ), whose respective pullbacks to C ab define the line bundle L ab ∈ Pic(C ab ).
Finally, the spin structure appearing in (2.9) is induced by the holomorphic embedding of C ab into D a (or, equivalently, into D b ), in the following sense: By adjunction
Each of the bundles K Da | C ab and N C ab /Da in turn arise as the pullback of line bundles from the ambient Calabi-Yau 3-fold X 3 . In fact,
and thus 4
The appearing line bundles on X 3 are uniquely determined by their first Chern class since
is even, the bundle M 1/2 is well-defined, and the claim is that the spin structure appearing in (2.9) is 
The pullback of the appearing combination of bundles to C ab then gives the argument appearing in the cohomology groups (2.9). Similar reasoning can be applied to more general situations.
Gauge data in F/M-theory via Deligne cohomology
In F-theory compactifications, the gauge data is encoded in a rather different way. Let Y 4 denote an elliptically fibered Calabi-Yau 4-fold with projection
While the generic fiber of Y 4 is a smooth elliptic curve, its topology is more complicated in higher codimension due to fiber degenerations over the discriminant locus ∆ ⊂ B 3 . We will assume that a smooth resolutionŶ 4 of the singular 4-fold Y 4 exists in which the singular fibers are replaced by chains of P 1 s whose intersection structure reflects the gauge and matter degrees of freedom. Recent work on the explicit construction of such a 4-fold resolution in the context of 4-dimensional F-theory compactifications includes [52, 53, 54, 55, 56, 57, 10, 12, 15, 13, 58, 59, 60] and references therein, to which we refer for more details on the fiber geometry reviewed in the next few paragraphs.
In general, the discriminant ∆ splits into a number of irreducible components ∆ i as well as a remaining component ∆ ′ . Over each ∆ i the topology of the resolved fiber reproduces the affine Dynkin diagram of a Lie algebra g i . This gives rise to vector multiplets in the adjoint representation of g i propagating on the component ∆ i . In Type IIB language, such a discriminant component ∆ i is to be identified with the location of a corresponding stack of 7-branes even though the types of gauge algebras g i are more general than in perturbative Type IIB compactifications. The non-abelian gauge theory on ∆ i can be described in terms very similar to the conventional treatment of the worldvolume theory on a stack of Type IIB 7-branes. Indeed the localization of the gauge degrees of freedom on ∆ i allowed the authors of [4, 5] to invoke a description in terms of a topologically twisted eight-dimensional N = 1 supersymmetric gauge theory. In this approach, gauge bundle data are specified essentially in the IIB language of line (or vector) bundles defined on ∆ i , reproducing the results of [28] on the cohomology groups counting massless matter at the intersection of ∆ i with other 7-branes on B 3 .
In addition, however, the discriminant ∆ contains a remaining component ∆ ′ over which the fiber acquires an I 1 -singularity corresponding to a self-intersecting P 1 . This so-called I 1 -locus would correspond, in Type IIB language, to a complicated (in general non-perturbative) bound state of all single-wrapped 7-branes as well as the O7-plane. Crucially, in a general F-theory compactification it is not possible to identify the individual cycles on B 3 on which such single 7-branes are wrapped and a direct definition of the gauge bundle data e.g. via the approach of [4, 5] is not possible. In particular, it is a priori not clear how to encode gauge bundle data via line bundles defined globally on a 7-brane as the very location of such single 7-branes is obscured.
In higher codimension some of the fibre components can factorize further. In codimension two this happens in the fibre over curves in the base along which two components of the discriminant intersect or the same component self-intersects. In typical examples the fibre structure in codimension-two mimics the (affine) Dynkin diagram of a higher-rank algebra into which the gauge algebras associated with the two intersecting fiber components are embedded. In the F-theory limit of vanishing fibre volume, M2-branes wrapping suitable linear combinations of P 1 s in the fiber give rise to massless matter in some representation R of the participating gauge algebras. Therefore, to each representation R of massless matter one can associate a complex 2-cycle A R -the matter surface -given by the fibration of a certain linear combination of fiber P 1 s over a matter curve C R in the base. More details will be given in section 3.1.
In F-theory additional data is provided by specifying the 3-form configuration C 3 and its associated 4-form flux G 4 ∈ H 2,2 (Ŷ 4 ), whose existence is inferred from duality with M-theory [61, 62, 63] . The 3-form C 3 gives rise, among others, to the degrees of freedom associated with abelian gauge bosons upon dimensional reduction. The full 3-form configuration therefore encodes the gauge data of the compactification onŶ 4 .
The choice of G 4 is subject to two transversality constraints which ensure that it has 'one leg along the fiber' [63] . More precisely, G 4 flux must satisfy the cohomological relations
for every element ω 4 ∈ H 4 (B 3 ) and ω 2 ∈ H 2 (B 3 ) and with [Z] ∈ H 1,1 (Ŷ 4 ) denoting the class of the zero section of the fibrationŶ 4 . The product is the intersection product in cohomology on
Similarly to the half-integer quantisation shift (2.8) for the gauge flux in 7-brane language, G 4 is in general an element of H 2,2 1 2 Z (Ŷ 4 ) because it is subject to the quantisation condition [64] 
Specifying such a G 4 flux allows one to compute the chiral index of massless matter in representation R by integrating G 4 along the complex two-cycle A R ∈ Z 2 (Y ) associated to the matter representation on C R [4, 9, 11, 10, 12, 15, 13, 23] ,
The fact that
∈ Z guarantees that this quantity is integer [55, 13, 65] .
However, G 4 does not contain sufficient data to compute the number of chiral N = 1 multiplets in representation R andR separately. This is to be expected from the situation in Type IIB, where, as reviewed above, we need only the first Chern class c 1 (L ab ) obtained from the map c 1 :
). Therefore the information about the M-theory 3-form encoded in G 4 ∈ H 2,2 (Ŷ 4 ) must be refined in the same way as giving a class
. It turns out that from a mathematical standpoint natural candidates for such a refinement live in the fourth Deligne cohomology class ofŶ 4 . Indeed the relevance of Deligne cohomology -or equivalently of the theory of Cheeger-Simons differential characters [19] -to describe gauge data in M/F-theory has been explored in several places in the literature -see [16, 17, 18, 23] and, respectively, [29, 14, 24] .
For ease of presentation we ignore the half-integer shift of G 4 for the being and focus on situations in which G 4 ∈ H 2,2 Z (Ŷ 4 ). As long as we are making this simplification we can restrict ourselves to studying integral Deligne cohomology. We will come back to the half-integer shift in quantisation in more general setups at the end of section 2.3.2.
Before we come to a definition of Deligne cohomology, let us state some of its properties. Deligne cohomology on a smooth complex projective variety X is graded by two integers p, q specifying the Deligne cohomology group H p D (X, Z(q)), but we will only be interested in the case p = 2q. The Deligne cohomolgy group H 2 D (X, Z (1)) is isomorphic to the Picard group
As reviewed around equ.(2.1) it therefore fits into the short exact sequence
the first intermediate Jacobian.
We would now like to describe the 'gauge data' associated not with a 1-form potential, but with a (2p − 1)-form potential, where the case p = 2 of interest to us corresponds to the M-theory 3-form potential C 3 with field strength G 4 , the 4-form flux. The general idea is to generalize (2.20) to a short exact sequence 
The kernel of this map is the space of flat (2p − 1)-form connections and mathematically given by the intermediate Jacobian J p (X), defined as
Here the so-called Hodge filtration
generalizes the group H 1,0 (X, C) appearing in (2.21).
Specializing to the case relevant for M/F-theory on a Calabi-Yau 4-foldŶ 4 , integral Deligne cohomology (2)) is an extension of the group of Hodge cycles H
2,2
Z (Ŷ 4 ) by the intermediate Jacobian J 2 (Ŷ 4 ). By means of the surjective mapĉ 2 it is possible to pick for any 4-form flux
By analogy with the special case p = 1 we interpret an element A G ∈ H 4 D (Ŷ 4 , Z(2)) as fixing an equivalence class of gauge bundle data modulo gauge equivalence.
The crucial insight of Deligne was that an object that fits into the short exact sequence (2.22) indeed exists and can be defined formally as the hypercohomology of the Deligne-Beilinson complex
Since all we need from this well-known construction for our purposes is the existence of H 4 D (Ŷ 4 , Z(2)) we relegate a brief account of the Deligne-Beilinson complex and its associated hypercohomology to appendix B.
Let us stress that, as encoded in (2.22), the surjective mapĉ p is not an isomorphism. Specifying a 4-form flux G 4 ∈ H 2,2 Z (Ŷ 4 ) is in general by no means sufficient to uniquely determine the gauge bundle data parametrised by H 2,2 (2)) (in just the same manner as specifying the first Chern class of a line bundle does in general not specify the equivalence class of the line bundle). For practical purposes we therefore need a method to actually define the gauge bundle data A G ∈ H 4 D (Ŷ 4 , Z(2)) more finely than merely by specifying its associated 4-form flux G 4 =ĉ 2 (A G ). This is what we turn to now.
Specifying Deligne cohomology via Chow groups
Our approach to defining an element (2)) is to specify a suitable equivalence class of algebraic cycles A G and to extract from this an object A G via the so-called refined cycle map. Before describing this, let us first review the correspondence between algebraic cycles and G 4 -fluxes. Indeed, in the recent F -theory literature it was suggested to use algebraic cycles of complex dimension 2 to specify G 4 -fluxes (see [11, 10, 12, 15, 13, 66] for early examples of G 4 gauge fluxes in fully-fledged 4-folds). Recall that the group of algebraic cycles Z p (X) of complex codimension p on a variety X of complex dimension d is defined to be the free group generated by irreducible subvarieties of codimension p of X. An element C ∈ Z p (X) is a finite sum
of not necessarily smooth irreducible subvarieties C i of X, for some integers n i .
To understand the connection between algebraic cycles and G 4 -fluxes, recall furthermore that to any algebraic cycle in Z p (X) one can naturally associate a cocycle in H 2p (X, Z) in such a way that the resulting cycle map
. 6 It suffices to define the cycle map for a possibly singular subvariety V of codimension p and extend it linearly. If V is smooth, integration over V gives, by Poincaré duality, an element in H 2p (X, Z). It is harder, but equally possible to define the cycle map for singular subvarieties and to ensure that the image indeed lies in H p,p (X), see chapter 11 in [67] . Thus the cycle map applied to an algebraic
Z (Ŷ 4 ). As we have discussed in the preceding section, to get a handle on the gauge theoretic data in F-theory, we need to have access to more than the G 4 -flux alone. Instead we need to specify an element in Deligne cohomology A G ∈ H 4 D (Ŷ 4 , Z(2)) of the Calabi-Yau 4-foldŶ 4 . Luckily, as we will review in more detail below, for an algebraic variety X it is also possible to define a refined cycle map (see e.g. p.123 in [25] )
to Deligne cohomology with the property that the cycle map γ X,p :
The refined cycle mapγ X,p allows us to access the refined gauge theoretic information contained in Deligne cohomology from algebraic geometry. That is, whenever we are able to specify an algebraic cycle A G ∈ Z 2 (Ŷ 4 ) within the 4-foldŶ 4 , we can map it to an element (2)). This map need in general not be surjective and therefore it may not give access to all possible configurations of gauge data; nonetheless we can at least specify examples of gauge configurations in this manner.
However, specifying explicit algebraic cycles introduces a huge amount of redundancy as two different algebraic cycles may map to the same element in (2)) and therefore describe the same gauge configuration up to gauge equivalence. We will at least partially reduce this redundancy by specifying not an algebraic cycle, but rather a suitable equivalence class of algebraic cycles and define a map from this equivalence class to H 2p D (X, Z(p)). The equivalence relation is supposed to at least partially correspond to the gauge equivalence between gauge data. For the special case p = 1, the correct equivalence relation between algebraic codimension 1-cycles which captures gauge equivalence is known to be given by rational equivalence. Even more strongly, the first Chow group CH 1 (X) of algebraic codimension 1-cycles modulo rational equivalence is isomorphic to H 2 D (X, Z(1)) = Pic(X). For p = 2 an isomorphism between the analogous second Chow group CH 2 (X) of rationally equivalent codimension 2-cycles and (2)) is unfortunately not known to be given. Nevertheless our approach will be to define elements of H 4 D (X, Z (2)) by specifying an element of the group CH 2 (X). The refined cycle map (2.29) indeed maps two rationally equivalent algebraic cycles to the same element in (2)) and therefore descends to a refined cycle map
Let us repeat this important statement: We can 'move' within the rational equivalence class of algebraic cycles without changing the associated gauge data (up to gauge equivalence). In particular, all operations such as forming intersections which are well-defined as operations on CH(X) are suitable manipulations which do not change the gauge data. Indeed, the intersection product on CH(X) will allow us to extract in a natural way the gauge data relevant for the counting of massless charged zero modes.
For the reader's convenience we will now give a brief overview of some of the relevant mathematical notions. For more details on this in principle well-known material see [26] and [27] .
Chow groups
The Chow group CH(X) of a d-dimensional smooth projective variety X has properties similar to both the cohomology and homology groups of a topological space. Its elements are algebraic cycles subject to a certain equivalence relation. Working with plain algebraic cycles turns out to be inconvenient. Just as in homology it is desirable to impose an equivalence relation on algebraic cycles, so that they can be "moved" within the containing algebraic variety.
The kernel of the cycle map γ X,p defined in (2.28) consists of algebraic cycles that are homologous to zero. We are interested in an equivalence relation imposed on algebraic cycles C, C ′ ∈ Z p (X) that is finer than declaring them to be equivalent C ∼ C ′ if their image under the cycle map coincides γ X,p (C) = γ X,p (C ′ ), i.e. if they are homologous. Intuitively speaking complex geometry is rigid and thus algebraic cycles should not merely be homologous to be considered the same.
A good notion of equivalence for algebraic cycles is rational equivalence. It is a straightforward generalization of the notion of linear equivalence for Weil divisors. While there is a more geometric definition of rational equivalence available, let us first give one that makes the connection to linear equivalence obvious.
Given an invertible function r ∈ K(W ) * on a (k + 1)-dimensional subvariety W of X, it is possible to associate to it a k-cycle
where the sum runs over all codimension-one subvarieties V of W and ord V (r) is the order of r in V . For a function f ∈ O X on an affine variety X the divisor of f is easy to grasp. Recall that by Krull's Hauptidealsatz the isolated components of f are all of codimension one and so the sum
runs over a finite number of irreducible codimension one subvarieties V of X and ord V (f ) is simply the order of vanishing at V . This construction can be generalized beyond affine varieties.
A k-cycle A ∈ Z k (X) is called rationally equivalent to zero, A ∼ 0, if it can be written as a finite sum A = [div(r i )], where r i ∈ K(W i ) * are invertible rational functions in some (k + 1)-dimensional subvarieties W i of X. The k-cyles rationally equivalent to zero form a subgroup Rat k (X). 7 The Chow group CH k (X) is the group of rational equivalence classes
It can be graded by either dimension or codimension. The grading by codimension will be denoted by a superscript CH p (X), the grading by dimension by a subscript CH m (X).
An equivalent ([27], 1.6, [26], 1.1.2) and more geometric definition of rational equivalence is as follows: Two algebraic cycles C, C ′ ∈ Z(X) are rationally equivalent if there is a rationally parameterized family of cycles interpolating between them, in other words if there is a cycle on P 1 × X whose restriction to two fibers {t} × X and {t ′ } × X are C and C ′ . We picture the rational equivalence between a hyperbola and the union of two lines in CP 2 in Figure 1 . This intuition can be made precise by defining in analogy to cohomology a "boundary map" ∂ X : Z(X × P 1 ) → Z(X): Let V be an irreducible subvariety of X × P 1 , set ∂ X (V ) = 0, if the projection π : V → P 1 is not dominant 8 and set ∂ X (V ) = V 0 − V ∞ otherwise, where V p = π −1 (p) ⊂ X × {p} ∼ = X are the fibers over points p in P 1 . Denote the subgroup of Z(X) generated by cycles of the form V 0 − V ∞ by Rat(X) and the subgroup generated by codimension p cycles by Rat p (X).
The Chow group CH(X) can then equivalently defined to be the group of rational equivalence classes
With these definitions in place it can be demonstrated that the cycle map γ X,p :
and rational equivalence classes of algebraic cycles that are homologous to zero, i.e. in the kernel of γ X,p , form a subgroup CH
Connection between Deligne Cohomology and Chow Groups
As we have seen above, the first Chow group of CH 1 (X) of a smooth projective variety X and the Picard group Pic(X) of X are isomorphic. Moreover the cycle map γ 1 :
Recall that a rational map is dominant if there exists an equivalent map whose image is dense in its codomain.
Figure 1: Rational equivalence between the union of two lines in CP 2 and a hyperbola. This picture is inspired by [26] .
factors through this isomorphism via the map c 1 : Pic(X) → H 1,1 Z (X) that associates to each isomorphism class of line bundles the first Chern class. The kernel CH 1 hom (X) of the cycle map, i.e. the homologically trivial cycles, are mapped isomorphically to the Jacobian J 1 (X) of X via the Abel-Jacobi map. To summarize one has the following commuting diagram:
Now in section 2.2 we asserted that the lower horizontal sequence 0
It is therefore natural to ask whether there is an analogue of the whole diagram. We already mentioned that there is a cycle map γ p :
and it is also possible to define a generalized Abel-Jacobi map AJ : CH 
Such a refined cycle map indeed exists (see [22] §7). For the subsequent analysis, however, only its existence is of relevance and in particular the fact that rationally equivalent algebraic cycles map to the same Deligne cohomology class underγ p .
The existence of the refined cycle mapγ p for p = 2 therefore allows us to define an element of the Deligne cohomology group H 4 D (Ŷ 4 , Z(2)) on our Calabi-Yau 4-foldŶ 4 by specifying a Chow class α G ∈ CH 2 (Ŷ 4 ). Thus, given a complex 2-cycle A G ∈ Z 2 (Ŷ 4 ) whose rational equivalence class is α G , the objectγ 2 (α G ) ∈ H 4 D (Ŷ 4 , Z(2)) defines a certain type of F/M-theory gauge data in the sense described in section 2.2. The G 4 flux associated with this gauge data is the element
We stress, however, that the specification of α G via A G contains much more information than merely the G 4 -flux. This construction is the direct generalization of the specification of an equivalence class of line bundles as an element of Pic(X) by specifying a divisor class CH 1 (X). While Pic(X) and CH 1 (X) are isomorphic, CH 2 (X) and H 4 D (X, Z (2)) need in general not be isomorphic.
In practice this is not a serious drawback. Practically all G 4 gauge fluxes defined in the recent F -theory literature are in fact in the image of the cycle map γ :
Z (X). Whenever this is the case the refined cycle map γ : (2)) defines a compatible Deligne cohomology class. Moreover the Hodge conjecture states that if we allow algebraic cycles with rational coefficients, the cycle map will in fact be surjective. On the other hand counter examples for the case of integral coefficients are known. Sinceĉ 2 is surjective, showing surjectivity of the refined cycle map for rational coefficients is indeed a one-million-dollar problem. The refined cycle map will also not be injective in general, that is distinct equivalence classes of algebraic cycles might map to the same Deligne cohomology class. This just means that we might not detect all equivalent gauge data in the Chow group. What is important for us is that since the refined cycle map is well-defined we will get the same Deligne cohomology class irrespective of the representative algebraic cycle we pick.
To reiterate, by the refined cycle map to every rational equivalence class of algebraic 2-cycles there exists an equivalence class of gauge data as an element in H 4 D (Ŷ 4 , Z(2)), and manipulations of representative cycles A G which do not change their rational equivalence class α G do not change the associated element in H 4 D (Ŷ 4 , Z(2)). So far we have ignored the fact that G 4 is really an element of H (2)) with half-integer coefficients. Similarly, via the refined cycle map one can specify an element therein via an element in the second Chow group with suitably half-integer as opposed to integer coefficients. For the associated flux G 4 = γ(α G ) to be quantised according to (2.17), the Chow group element must satisfy the condition γ(α G ) + 
With the understanding that the coefficients of the Chow and Deligne cohomology groups must be chosen appropriately we will not make the half-integer shift explicit in what follows and continue to talk about H 4 D (Ŷ 4 , Z(2)).
Properties of Chow groups
In this section we describe operations on Chow groups with the understanding that these operations could also be directly expressed in Deligne cohomology as a result of the existence of the refined cycle map. The advantage of specifying the gauge data via Chow groups is that Chow groups are, at least in principle, suitable for explicit computation and accessible to methods of algebraic geometry. This will turn out useful when it comes to explicitly extracting the data needed to compute the charged massless matter spectrum of an F-theory compactification. As we will see, we will have to make heavy use of intersection theory within CH(X). In this section we review some of the key elements of this well-developed subject [27, 26] which will be of direct relevance for section 3. The reader familiar with this material may wish to directly jump to section 3.
Functoriality
In order to work with Chow groups it is necessary to understand their behaviour under morphisms between varieties f : X → Y . Again it is helpful to compare the situation to cohomology and homology. Homology is a covariant functor from topological spaces to abelian groups, in other words there is a pushforward map
associated to any morphism f : X → Y . We would expect that by analogy there is a pushforward map f * :
Similarly cohomology is a contravariant functor, i.e. there exists a pullback map
associated to any morphism f : X → Y . If we think of Chow groups as analogous to cohomology groups, we would think that there is a pullback map
preserving codimension. It turns out that both expectations are justified, with some restrictions, as we will see shortly.
The pushforward between Chow groups f * : CH p (X) → CH p (Y ) is defined if f : X → Y is a proper 9 morphism between algebraic varieties: Let V be a subvariety of
This picture is based on [26] .
a subvariety of Y of dimension dim(f (V )) ≤ dim(V ). A guess would be that the cycle class of V in CH(X) should be sent to the cycle class of f (V ) in CH(Y ). However this would not respect rational equivalence as it does not account for multiplicities in multi-sheeted covers for example.
Observe that as long as dim(V ) = dim(f (V )) the map f | V : V → f (V ) is generically finite in the sense that the extension of function fields K(V )/K(f (V )) is of finite degree n. Geometrically this means that generically there are n points in the fibre over a point in the base f (V ). The geometric interpretation suggests taking the degree of the covering into account. Define f * (V ) = 0 if the dimension of f (V ) is strictly smaller than the dimension of V and f * V = nf (V ) if f | V has degree n. This definition is extended linearly to all cycles on X by defining
It turns out that this definition is compatible with rational equivalence ( [27] , Chapter 1) so we get a pushforward map
which is additive,
We give a picture of this situation in Figure 2 .
A good pullback map f * : CH(Y ) → CH(X) defined on cycles has to preserve algebraic equivalence and should be geometric in the sense that if, for a subvariety V of Y of codimension p, f −1 (V ) is generically reduced of codimension p, then the pullback of the algebraic cycle [V ] should be the class of the inverse image f −1 (V ):
. This requirement turns out to determine f * uniquely, at least as long as f : X → Y is a generically separable map between smooth algebraic varieties. Indeed, if f : X → Y is such a map, any cycle α ∈ CH p (Y ) can be represented by an algebraic cycle A = i n i A i ∈ Z p (Y ), such that f −1 (A i ) is generically reduced of codimension p for all i and the class
is independent of the choice of A.
Define the pullback f * (α) = i n i [f −1 (A i )]. It is then possible to show that the pullback is additive, i.e.
Intersection product
One of the main motivations for working with Chow groups is to study the intersection of irreducible subvarieties A, B in X. It should be defined in such a way that it is a refinement of the cup product ∪ :
In other words the intersection product should equip CH p (X) with a ring structure and the cycle map γ X : : CH p (X) → H 2p (X) should be a ring homomorphism, i.e.
for cycles α, β ∈ CH(X).
There are different approaches to defining such an intersection product. What follows is a brief overview of the approach presented in Fulton's book on the subject [27] . The general idea is to mimic the definition of the cup-product in cohomology. Recall (see for example [68] , Chapter IV) that it can be defined to be induced by the composition
on cochain complexes C • (X), where the first morphism is the Künneth map and the second is the pullback induced by the diagonal map ∆ : X → X × X. The role of the Künneth map is taken on by the exterior product × :
, where A i × B j is the Cartesian product of the irreducible subvarieties A i and B j . This product descends to a well defined exterior product × : [27] Chapter 1. The definition of an analogue of pullback to the diagonal C • (X × X) → C • (X) will occupy us for the rest of this section. Notice that if X is a smooth algebraic variety the diagonal embedding ∆ : X → X × X is a regular embedding. So what we are looking for is to define a morphism f * : CH(Y ) → CH(X) for any regular embedding f : X → Y .
We will construct such a Gysin homomorphism f * : CH(Y ) → CH(X) in several steps, beginning with the case of a vector bundle π : E → X of rank r on X. The flat pullback map π * : CH k−r (X) → CH k (E) is an isomorphism for all k ( [27] , Chapter 3). So if s : X → E is the zero section of E, in particular π•s = id X , then it is possible to define the Gysin homomorphism
where s * is the inverse of the pullback map π *
A closed embedding i : X → Y of varieties is a regular embedding of codimension d if the ideal sheaf I defining X as a subvariety of Y is locally generated by a regular sequence of length d. 10 Geometrically this means that X is a local complete intersection in Y . Relevant examples include the diagonal embedding δ : X → X × X if X is smooth and for any morphism f : X → Y to a non-singular variety Y the induced regular graph morphism γ f : X → X × Y given by x → (x, f (x)). If i : X → Y is a regular embedding of codimension d, the conormal sheaf I/I 2 is a locally free sheaf of rank d and the normal bundle N X Y to X in Y is the vector bundle whose sheaf of sections is dual to I/I 2 .
The normal cone C X Y of a closed subscheme X in Y is the spectrum of the graded ideal 11 n≥0 I n /I n+1 . If i : X → Y is a regular embedding, then the normal cone C X Y is naturally isomorphic to the normal bundle N X Y . Intuitively the normal cone C X Y is a substitute for the notion of "tubular neighbourhood" from differential geometry.
In particular we can associate to any algebraic cycle on Y an algebraic cycle on
by the formula
for any k-dimensional subvariety V of Y and to all k-cycles by linearity ([27], Chapter 5.2). This is well defined since C V ∩X V is a subvariety of pure dimension k ([27] loc. cit.).
The specialization homomorphism σ descends to the level of Chow groups ( [27] , loc. cit.):
where s N : X → N X Y denotes the zero section of the normal bundle, s * N is the induced isomorphism on Chow groups and σ is the specialization homomorphism defined above.
The intersection product is then the composition of the exterior product with the Gysin homomorphism ∆ * induced by the diagonal embedding ∆ : X → X × X,
If α and β are cycles in CH k (X) and CH l (X) respectively, their intersection product in CH k+l (X) will be denoted by α · β.
This notion of intersection product generalizes as follows. Suppose that f : X → Y is a morphism to a smooth variety Y of dimension n. Then the graph morphism γ f : X → X × Y given by x → (x, f (x)) is a regular embedding of codimension n. Notice that if f is the identity morphism, the graph morphism is just the diagonal embedding above. Define the intersection product by the composition of the exterior product with the Gysin morphism γ * f ,
and denote the product of two cycles α and β by
Since we will make have use of these intersection products in the sequel, we state some of their properties (for proofs see Chapter 8 of [27] ). 
with x ∈ CH(X), y ∈ CH(Y ) and z ∈ CH(Z). In particular, for y = [Y ], we have
Finally, we will need the projection formula
In particular, if we are given a fibre square
and algebraic cycles α ∈ CH(X × Z Y ) and β ∈ CH(Z), then
3 Cohomology formulae for F-theory compactifications
A general cohomology formula
Let us recap the main results of the previous sections: To define the gauge bundle data of an F-theory compactification on a resolved Calabi-Yau 4-foldŶ 4 we propose to specify an element
of the rational equivalence class of complex-dimension 2-cycles onŶ 4 . With the help of the refined cycle map from CH 2 (Ŷ 4 ) to H 4 D (Ŷ 4 , Z(2)), this yields a specific type of 3-form data up to gauge transformations. A representative of the equivalence class α G in turn is specified by an explicit 2-cycle
whose associated Dolbeault cohomology class
is typically referred to as G 4 -flux in the F-theory literature.
Our main interest is in the fibre structure over the curves C R in the base B 3 where massless matter in representation R of some gauge group is localised. As briefly reviewed at the beginning of section 2.2, such matter curves correspond to loci where two components of the discriminant of the elliptic fibration intersect, or where a discriminant component self-intersects. The latter includes in particular configurations without any non-abelian gauge groups, where an essentially local approach to the gauge bundle data is not applicable. Indeed an important advantage of our approach is that it provides a way how to extract the massless matter from the gauge bundle data also in such situations.
To each matter representation R one can associate a so-called matter surface given by a complex 2-cycle
where each A i R is given by a P 1 -fibration over the curve C R . 12 The support of A R is the union of the support of the individual A i R ,
It is fibred over the matter curve in the base via
We will denote by α R ∈ CH 2 (Ŷ 4 ) the rational equivalence class with representative A R .
In the sequel it will be useful to view A R as a cycle on the restriction of the elliptic fibration to the curve C R with projection
The preimage of a generic point on C R with respect to π| C R is given by the union of a number P 1 s with multiplicities. Note that strictly speakingŶ 4 | C R is singular. Nonetheless we can view the Chow class of A R as an element of CH 2 (Ŷ 4 | C R ).
This structure defines in a natural way a gauge equivalence class of line bundles on the matter curve C R . Let
denote the embedding ofŶ 4 | C R intoŶ 4 . If we view α R as an element of CH 2 (Ŷ 4 | C R ), we are precisely in the situation described around (2.49), with the role of the map f : X → Y played by ι R :Ŷ 4 | C R →Ŷ 4 . In particular we can form the intersection product
Its push-forward to the matter curve C R defines an element
12 More precisely, to each of the dim(R) weights β k , k = 1, . . . , dimR, of the representation R one associates a different matter surface A R,k . Since nothing depends on which A R,k is used to compute the matter multiplicities, we simply make a convenient choice and suppress the index k in the sequel.
At this stage we must recall that α G must be chosen as an element in the Chow ring with halfinteger coefficients such that α G + One therefore would hope that c 2 (Ŷ 4 ) viewed as a Chow class is such that
is integer for every matter surface. Whenever this is the case also (3.9) and (3.10) are integral. For c 2 (Ŷ 4 ) of the specific form described in [55, 65] considerations similar to the ones in the next section indicate that for suitably quantized α R (3.9) and (3.10) are integral. Obviously none of those complications arise if G 4 is an integral cycle defined by an integral Chow cycle α G ∈ CH 2 (Ŷ 4 ).
The question of the integrality of (3.9) and (3.10) is important because the integer Chow group CH 0 (C R ) ≡ CH 1 (C R ) is isomorphic to Pic(C R ). Therefore (3.10) specifies an equivalence class of line bundles on C R for suitably quantized α R . Let us denote by A R,G ∈ Z 0 (C R ) a representative of π| C R * (α R · ι R α G ), which we are always free to choose. Then
is a line bundle on C R of degree
Let us stress that this procedure yields a line bundle on the matter curve C R , but in general not on a higher-dimensional subvariety of the base B 3 . This, however, is sufficient to compute the localized massless matter states. In view of the expression (2.9) counting localized charge matter zero modes in Type IIB compactifications, it is natural to identify L G,R with the line bundle on the matter curve appearing in the generalization of (2.9) to F-theory. Our conjecture is therefore the massless matter in representation R localized on C R is in 1-1 correspondence with the cohomology groups
More precisely, if the compactification preserves N = 1 supersymmetry, dim
) counts the number N = 1 chiral multiplets in representation R for i = 0 and those in representationR for i = 1. As in Type IIB the spin structure K C R must be picked in agreement with the holomorphic embedding of the matter curve, e.g. as a complete intersection, into B 3 .
Note that the chiral index associated with the cohomology groups (3.13),
is -since by construction γ(A G ) = G 4 -simply the usual expression A R G 4 that follows by duality with the heterotic string [69] , with Type IIB [11, 12, 13] and via M-theory anomaly cancellation [33] .
It is important to appreciate that the intersection product (3.9) underlying the definition of the line bundle L G,R via (3.10) is stable with respect to rational equivalence onŶ 4 . This important property was the reason for using the somewhat technical formalism described in section 2.4. This means that the result of (3.10) does not depend on the concrete representative A G ∈ CH 2 (Ŷ 4 ) as long as its rational equivalence class is given by α G . This is to be contrasted with the formula (3.14) for the chiral index, which is invariant under deformations of A G which do not change its cohomology class γ(A G ) in H 2,2 Z (Ŷ 4 ). Expression (3.10) contains therefore, in general, much more information. In particular it is in general important to know how to perform intersection products in concrete examples within the Chow ring of the elliptic fibration Y 4 .
To conclude this subsection, let us comment on a special class of gauge bundle data which, though non-generic, is of some practical relevance. Namely, suppose the Chow class α G descends by pullback from a Chow class in a higher-dimensional ambient space of the compactification manifoldŶ 4 . Indeed the elliptically fibred 4-foldŶ 4 can often be described as a hypersurface or complete intersection with a higher-dimensional variety. Consider for example the situation in whichŶ 4 is embedded into a smooth 5-fold X 5 via an inclusion 13
Suppose furthermore we are interested in a special class of bundle data of the form
Then with the help of (2.52) the intersection product (3.9) becomes
In particular, (3.17) is stable under deformations ofα G which respect rational equivalence on 
and in evaluating the intersection we can exploit cohomological relations on X 5 forα G . We stress, however, that the class of gauge bundle data of the type (3.16) is a very special subset of the general possibilities, albeit one with many applications in the recent F-theory literature.
Application to U(1) gauge data
To exemplify the definition of the line bundles L G,R and the computation of the matter multiplicities we now specify the 4-foldŶ 4 a little further. We are interested in an F-theory compactification which exhibits, possibly in addition to some non-abelian gauge group, one or several abelian gauge group factors. The presence of non-Cartan U (1) gauge group factors is tied to the existence of rational sections of the fibration [2, 3] so that the elliptic fibrationŶ 4 must exhibit a Mordell-Weil group with a non-trivial finite part. 14 To each abelian gauge group factor U (1) A one can associate a rational equivalence class
whose associated cohomology class γ(w A ) ∈ H 1,1 Z (Ŷ 4 ) is determined via the Shioda map [75] from the rational sections of the elliptic fibration such that The physical significance of this transversality condition is that it guarantees that the Kaluza-Klein expansion C 3 = A A ∧w A + . . . (withw A a representative of the class γ(w A )) of the M-theory 3-form C 3 gives rise to a 1-form A A in the external dimensions which is identified with the U (1) A gauge potential. Let us denote by
an explicit cycle representative of the Chow class w A such that W j A is an algebraic cycle in Y 4 . This suffices to define a certain type of U (1) A gauge data as follows: Consider a complex 2-cycle F ∈ Z 2 (B 3 ) with associated Chow class f ∈ CH 1 (B 3 ). Then the object
-again in the notation introduced (2.50) with the role of f : X → Y taken by π :Ŷ 4 → B 3 -specifies a 'U (1) A bundle' whose associated 4-form class
is of the form of the U (1) A -flux as introduced in [32, 11, 12, 33] . The definition of the line bundle on C R via (3.10) is now facilitated by the projection formula (2.55), which allows us to write
Here ι R | B 3 denotes the restriction of the embedding ι R defined in (3.8) to the base B 3 of the fibration.
This can be further evaluated in the physically interesting situation in whichŶ 4 is embedded, as in (3.15), into a smooth toric ambient space X 5 . Indeed in many relevant examples, the Chow class w A associated with the Shioda map has the property of being a pullback from X 5 ,
With the help of (3.17) we have
The intersection in brackets is essentially 'integration along the fibre' and since w A arises by pullback from a toric ambient space X 5 , we are allowed to perform the intersection up to homological equivalence on this ambient space. We are therefore precisely in the situation described in great detail in [11, 12] . The intersection in the fibre yields here q A (R) points over the curve C R . Therefore (3.27) where by [C R ] we denote the Chow class of the curve C R viewed as an element of CH 1 (C R ). The numerical prefactor q A (R) ∈ Z, which, as we said, results from the multiplicities of the intersection in the fibre, is physically interpreted as the U (1) A charge of the matter representation R [11, 12] . The remaining intersection with f must in general be performed within rational equivalence on B 3 , and it is here where the use of homological intersection theory in general comes to an end. Let us pick an explicit representative A R,A ∈ Z 0 (C R ) of the Chow class
. Then the massless matter states correspond to the cohomology classes
In geometries with a well-defined Sen limit, this agrees with the expression for the massless matter states in Type IIB orientifolds.
The general setup
To illustrate the presented technology we compute the massless charged spectrum of an Ftheory compactification with SU (5) × U (1) X gauge group. The simplest such compactification corresponds to what was called in [32] a U (1) restricted Tate model, which describes a compactification Calabi-Yau 4-fold Y 4 given by a specific type of elliptic fibration with Mordell-Weil group of rank one over a base B 3 . The fibration is described as the hypersurface equation
Here [x : y : z : s] denote homogeneous coordinates on the toric fibre ambient space subject to the scaling relations (x, y, z, s) ≃ (λ 2 µ −1 x, λ 3 µ −1 y, λ 1 z, µs). The Tate polynomials a i are sections of
. For
with generic a 1 , a 2,1 , a 3,2 , a 4,3 the fibration exhibits an SU (5) singularity in the fibre over the base surface
We will use the resolution of this singularity as worked out in detail in [12] . Restricting to one of the existing six inequivalent triangulations, the resolved 4-fold is described by the hypersurface y 2 s e 3 e 4 + a 1 x y z s + a 3,2 y z 3 e The resolution has introduced four resolution divisors E i : {e i = 0}, i = 1, . . . , 4, and e 0 is the proper transform of w. The scaling relations of the homogeneous coordinates can be found in table 1 of [12] , to which we refer for more details of the geometry.
In addition to the holomorphic section Z : {z = 0} the fibration exhibits a rational section S : {s = 0}. Let us denote their rational equivalence classes again by Z and S, viewed as elements of CH 1 (Ŷ 4 ), and similarly for E i . By slight abuse of notation we also denote the rational equivalence class associated with the anti-canonical divisor byK B 3 . Then the object [12] 
defines, via the cycle map, an element γ(w X ) ∈ H 1,1 (Ŷ 4 ) such that expansion of the M-theory 3-form C 3 in terms of a representative of γ(w X ) gives rise to the gauge potential A X associated with a U (1) X gauge group.
The base B 3 contains four matter curves supporting charged matter in representations 10 −1 , 5 3 , 5 2 and 1 5 plus the respective conjugates, where the subscripts denote the U (1) X charges. In agreement with their physical interpretation as Standard Model matter and, respectively, Higgs fields in an SU(5) GUT model, we will denote the field5 3 as5 m and 5 2 as 5 H . The matter curves are given as complete intersections on B 3 ,
Specifically, C 10 : {w = 0} ∩ {a 1 = 0}, C5 m : {w = 0} ∩ {a 3,2 = 0},
We are interested in the massless matter spectrum induced by the gauge configuration encoded in the rational equivalence class
see the discussion around (3.22) . The associated G 4 = γ(α X ) ∈ H 2,2 (Ŷ 4 ) is the gauge flux associated with U (1) X . Recall that this flux is subject to the quantization condition [64] . In the present context, a sufficient condition for this is [12, 13] 
. Since h 1 (B 3 ) = 0 this is equivalent, at the level of the Picard group, to
A detailed analysis of the quantization condition for G 4 in more general setups has been performed in [55, 65] .
The object f ∈ CH 1 (B 3 ) defines an equivalence class of line bundles on B 3 . Let us denote by L a representative of this line bundle class with c 1 (L) = γ(f ). Then, according to equ. (3.28), the massless matter on the respective matter curves is counted by the following cohomology groups:
14)
The choice of spin structure is, as described around eq. (2.14), the one inherited from the global embedding of the matter curves (4.8) as a complete intersection of 2-cycles with divisor classes
R is an even class, it is given, by slight abuse of notation, by
R the two divisor classes that define the complete intersection matter curves (4.8).
The computation of the massless spectrum therefore reduces to evaluating the cohomologies of the pullback of a line bundle on B 3 to a codimension-two complete intersection matter curve.
To simplify things further we describe the base B 3 as a hypersurface in a smooth and compact normal toric variety X Σ , 15) such that the divisor class f ∈ CH 1 (B 3 ) is itself the pullback of a classf ∈ CH 1 (X Σ ). The same holds for the classes defining the matter curves as complete intersections, which we will denote by the same letter.
Let O X Σ (f ) be the line bundle on X Σ with first Chern class γ(f ). We are then interested in the cohomologies
Note that L R is guaranteed to be integer quantized. In section 4.2 we will describe how to evaluate such cohomology classes, and then apply this general procedure in section 4.3 to a toy model of the type described above that leads to three chiral generations of SU (5) × U (1) X matter.
Pullback cohomologies via cohomCalg and the Koszul spectral sequence
According to equ.(4.16) our task is quite generally to compute cohomology groups
on a smooth and compact normal toric variety X Σ and C a smooth subvariety of X Σ given as a complete intersection. In the case of interest to us, X Σ is of complex dimension 4 and C is a smooth codimension 3 locus given as a complete intersection
This problem consists of two parts: First compute the cohomology groups H i (X Σ , L) and then deduce the desired cohomologies of the pullback bundle L| C via the standard technology of Koszul spectral sequences.
On smooth and compact normal toric varieties X Σ the cohomology classes of holomorphic line bundles can be computed very efficiently with the help of the cohomCalg algorithm developed by Blumenhagen and collaborators [44, 45, 46, 47, 48] . Many applications of this algorithm have been described in detail in [48] and [76] . The algorithm [44] , implemented in [45] , provides a basis of the cohomology groups H i (X Σ , L) as so-called rationoms. For example, on X Σ = CP 3 the cohomology classes of L = O CP 3 (1) are easily computed to be
Many more examples can be found in [44, 46, 47, 48, 76] .
the cohomologies of the pullback bundle L| C , it is standard to invoke the sheaf exact Koszul sequence
with
As is well-known, by application of the splitting principle on can replace (4.20) by three short sheaf exact sequences
To each of those there exists an associated long exact sequence in cohomology. Oftentimes exactness of these sequences is sufficient to determine h i (C, L| C ) uniquely, and in those cases the Koszul extension of cohomCalg [45] can be used to evaluate h i (C, L| C ). Unfortunately in many situations these exactness properties are not enough, and to determine H i (C, L| C ) from the Koszul spectral sequence one has to explicitly construct the maps in this sequence. This approach goes beyond the Koszul extension of cohomCalg and is very similar to the techniques presented in [77] .
The mappings in equ. (4.20) are induced from the Koszul complex overs 1 ,s 2 ands 3 [78, 79] . The appearing sheaf homomorphisms are thus induced by means of the natural restriction of functions from the global-section valued Figure 3 : The E 0 -sheet of the Koszul spectral sequence for codimension 3.
γ 0γ1γ2γ3γ4 Figure 4 : The E 1 -sheet of the Koszul spectral sequence for codimension 3.
From equ. (4.20) the cohomologies of L| C can now be computed via the associated Koszul spectral sequence. For the codimension 3 case, this spectral sequence converges on the E 4 -sheet and we display the sheets E 0 to E 4 in Figure 3 , Figure 4 , Figure 5 , Figure 6 and Figure 7 . Note that this spectral sequence makes use of the affine open cover U of X Σ given by
which allows to compute sheaf cohomology fromČech cohomology [79] .
The vertical maps in Figure 3 are naturally induced from the sheaf homomorphisms that appear in the Koszul sequence (4.20) . Note that the vertical maps preserve closure. The maps in the E 1 -sheet are thus the corresponding maps on theČech cohomologies. For example we therefore haveα
The E 2 -sheet of the Koszul spectral sequence for codimension 3.
The construction of the so-called Knight's moves in the E 2 -sheet, which is displayed in Figure 5 , is according to the following principle.
3. Setz := β 0 (ỹ) and realise that δ (z) = γ 0 (z) = 0. Similarly one constructs the maps in the E 3 -sheet.
From the spaces on the E 4 -sheet one can finally compute the desired pullback cohomologies via [80] 
For more details on spectral sequences we refer the interested reader to Appendix C of [79] .
Whilst the construction of the maps in the E 2 -and E 3 -sheet along the presented lines is cumbersome, this is in principle the way to construct these maps. Note in particular that in order to follow this principle, one needs knowledge about the E 0 -sheet. This information cannot be obtained from cohomCalg as this algorithm immediately computes the cohomology classes in the E 1 -sheet. In order to extract this information one has to follow the classical chamber counting approach [79] which was also followed in [81] .
However, sometimes the maps in the sheets E 2 and E 3 can be constructed by simpler means. For example it was used in [82] that the cohomology classes of holomorphic line bundles 0,4 (3) Figure 6 : The E 3 -sheet of the Koszul spectral sequence for codimension 3.
on CP n are labeled by representations of U (1) × U (n) [83] and that this extends to direct products of CP n s via the Künneth formula. The resulting (anti)-symmetrisation properties of the cohomology classes can then be used to construct the maps in the sheets E r with r ≥ 2 more easily.
We have mentioned already that based on cohomCalg, the computation of a basis of cohomology for the ambient space cohomologies is possible. Also the maps in the E 1 -sheet are therefore accessible. Our approach is to use the existing C++ implementation of cohomCalg whose option integrated produces an output styled for use in Mathematica. We have then written a Mathematica notebook that computes the E 1 -sheet and all maps therein. Details of the maps on the E 1 -sheet are given in appendix A. If the spectral sequence converges on the E 2 -sheet, this is sufficient to compute the cohomologies of the pullback bundle.
Note that our notebook represents the maps in the E 1 -sheet as matrices whose non-zero entries are determined by the complex coefficients of the polynomialss i . This is also demonstrated in appendix A. Therefore the functionality of the notebook is not limited to generic cases. Rather in leaving these coefficients unconstrained, the notebook provides all the information necessary to study the dependence of the pullback cohomologies on the complex structure of a hypersurface.
An explicit example
As a concrete example for our base space B 3 , we consider a hypersurface within the toric ambient space
Here H i , i = 1, 2, 3 represent the respective hyperplane classes on the three factors. In the sequel we will abbreviate a class aH 1 + bH 2 + cH 3 as (a, b, c) . The base B 3 is taken to be the vanishing locus of the bundle with class D B 3 = (1, 2, 1) such that K B 3 = (−2, 0, −1)| B 3 . The SU (5) divisor is in the class D GUT = (1, 0, 1) | B 3 . Since the GUT divisor is not given by a toric divisor, we rewrite the base in terms of a complete intersection such that in the new description it is realised torically [84] .
The E 4 -sheet of the Koszul spectral sequence for codimension 3. Note that H 0 (C, L| C ) is obtained by adding the red spaces, H 1 (C, L| C ) is given by the sum of the dark blue spaces and so on.
The variety is embedded in the ambient space with weight matrix and Stanley-Reisner ideal
The base is now the complete intersection of the 'original' section
and a new equation 15
With this description we can torically construct the elliptically fibred Calabi-Yau 4-fold including the SU (5) gauge theory along the GUT divisor {λ 1 = 0}. Since we are interested in the U (1)-restricted case [32] , we take polygon 11 of [85] as the toric ambient space for the fibre. To obtain the non-abelian gauge structure along S GUT , we construct an SU (5)-top [85, 42] We now wish to compute the spectrum of U (1) X charged zero modes that are localised on the curves C 10 , C5 m , C 5 H and C 1 described generally in (4.8) . In the present geometry, they are given as complete intersections on X Σ of sections with classes
We consider a gauge configuration of the form (4.9) with f =f | B 3 forf ∈ CH 1 (X Σ ). Since X Σ is a toric variety, rational equivalence and homological equivalence happen to coincide, and f is uniquely characterized by its cohomology class γ(f ) ∈ H 1,1 (X Σ ). Whilst we leave it for future work to scan over all admissable choices of classes γ(f ) ∈ H 1,1 (X Σ ), we here pick a specific classf which is particularly suited to illustrate the general philosophy. Our choice is
which is indeed in agreement with the quantization condition (4.10). Note that this choice is motivated such as to produce three families of chiral matter; the 4-form flux G 4 = γ(f ), however, overshoots the D3-brane tadpole cancellation condition. This has no impact whatsoever on our computation so that our setup suffices as a toy model to illustrate the computation of the massless spectrum in a fully-fledged 4-fold geometry.
According to (4.16) the number of chiral-and anti-chiral modes charged under the U (1) X symmetry and located on the respective curves are encoded in the cohomologies of the following line bundles: Note that a proper definition of the model requires explicitly specifying the holomorphic section Q ∈ H 0 (X Σ , B 3 ) defining the base B 3 via (4.15) as well as the Tate polynomials a i,j and the GUT brane normal section w, which enter the definition of the matter curves via (4.8).
If we view these sections as polynomials in the homogenous coordinates of X Σ , the coefficients of the various monomials give an (in general redundant) description of the complex structure moduli of B 3 and the 7-brane moduli. Therefore these coefficients have an influence on the cohomology groups of L R | C R appearing in (4.16). Our choice is to pick pseudo-random numbers in the parameter range (0, 1) for all these coefficients. Note in particular that none of the coefficients vanishes. This setup is often referred to as 'maximally generic'. For such a situation, we have automatised the computation of the E 1 -sheet of the Koszul spectral sequence in a Mathematica notebook. The computed E 1 -sheets are displayed in Figure 8 , Figure 9 , Figure 10 and Figure 11 .
In particular this shows that all four spectral sequences converge on the E 2 -sheet. We 
Conclusions and Outlook
In this work we have described a method to extract the number of localised charged massless N = 1 chiral multiplets in an F-theory compactification on an elliptic 4-foldŶ 4 . Our starting point has been to specify the 3-form data by means of a rational equivalence class of algebraic complex dimension-two cycles α ∈ CH 2 (Ŷ 4 ). The refined cycle map assigns to α an element of the Deligne cohomology group H 4 D (Ŷ 4 , Z(2)), which is known [20, 21] to correctly account curve for the 3-form data in F/M-theory. Working at the level of Chow groups has the practical advantage that it allows us to very concretely specify the 3-form data. In particular we have described how the intersection product within the Chow ring ofŶ 4 can be used to extract from this data a line bundle L R on the matter curve C R which is the natural object counting the number of massless chiral multiplets via H i (C R , L R ⊗ K C R ). Our approach is general and does not rely on any local approximation.
Extracting the line bundle L R on C R is most immediate ifŶ 4 is embedded into a toric ambient space X Σ and the 3-form data α arises essentially by pullback from CH 2 (X Σ ). In this case, the equivalence of the Chow and the Dolbeault cohomology rings on the toric variety X Σ implies that we can work within cohomology. We have exemplified this procedure for the 3-form data associated with a U (1) gauge flux and explicitly computed the number of massless charged matter states in an SU (5) × U (1) toy model.
The obvious next step would be to apply the proposed procedure to a 3-form configuration not of the pullback type focused on in the example of the present paper. This would require carrying out the intersection computation to extract the line bundle L R directly within the Chow ring ofŶ 4 . An example of such an F-theory 4-form gauge flux has been introduced in [11] . It would be interesting to use our formalism to extend the homological computations of the flux performed in [11] to the level of the underlying 3-form data. Relatedly, the examples considered in the present paper have the simplifying property that they do not induce a Gukow-Vafa-Witten superpotential in the low-energy effective action. In particular, they do not obstruct any of the complex structure moduli of the fourfold. The rich relation between the number of charged localised zero modes and the critical points of this superpotential has been explored in [23] in the context of a representation of the 3-form data via Cheeger-Simons differential forms. A task left for future work is to address configurations with superpotential inducing fluxes in our framework.
Throughout this article we have worked with a smooth resolutionŶ 4 of the singular elliptic fibration. As an advantage, this allows us to study 3-form data within the context of the Deligne cohomology of a smooth 4-fold. On the other hand, since the resolution corresponds to moving in the Coulomb branch of the associated 3-dimensional effective action of M-theory compactified onŶ 4 , the resolved geometry necessarily misses inherently non-abelian aspects of the gauge dynamics. For example the configurations considered here do not include any non-trivial gluing data [86, 29, 30] . 16 Interestingly, [24] provides evidence for a definition of the Deligne cohomology of a singular elliptic fibration via the Higgs bundle which at least locally 16 See however [87] for the effect of gluing-related monodromies on the resolution geometry.
captures the non-abelian degrees of freedom on the 7-branes [4, 5, 9 ]. An alternative treatment could be to work not in the resolved, but in the deformed geometry as studied recently in [88] .
Despite these slightly more formal considerations to be explored further, we would like to stress that the orignal motivation for this work was phenomenological: The computation of the number of charged massless vectorlike pairs (in addition to the chiral index) is of obvious importance in model building. The biggest advantage of our approach is therefore its direct applicability to a sufficiently rich set of 3-form data which are employed the explicit construction of realistic string vacua, e.g. of GUT type. Indeed a great deal of work has been invested in the computation of the massless spectrum of realistic heterotic compactifications with cohomological methods -for an incomplete list see e.g. [89, 90, 91, 92, 93, 94, 95] and references therein. In this spirit we look forward to putting Chow groups and Deligne cohomology to work for phenomenological F-theory model building in the near future. Figure 12 : The E 1 -sheet of the Koszul spectral sequence for the hypersurface example.
and display the E 1 -sheet of the associated Koszul spectral sequence in Figure 12 . From this picture it is immediately clear that the spectral sequence does converge on the E 2 -sheet and that we need only knowledge about the map
in order to compute the pullback cohomologies. The spaces P 1 and P 2 are computed based on cohomCalg to be
, A i ∈ C ∼ = C 3 , (A.5)
, B ∈ C ∼ = C, (A.6)
where [·] represents an equivalence class with respect to theČech complex. On the level ofČech complexes we have the map
From the commutativity of the E 0 -sheet it follows
Hence if x is closed, so is α 2 (x). This enables us to consider the natural map on theČech cohomologies given bỹ
(A.9)
In particular we find for x := The crucial observation is that all rationoms in M 2 lie in the image of theČech coboundary
There is another way to arrive at the definition of Deligne cohomology. Consider the two embeddings α 1 : Z → Ω • X and α 2 : Ω ≥p X → Ω • X in the holomorphic deRahm complex, where α 1 is (2πi) p times the natural inclusion of Z in O X and α 2 is, up to sign, the natural inclusion. Form the cone of the morphism of complexes of sheaves over X:
(B.13)
It can be shown that this cone is quasiisomorphic to the Deligne complex (B.9) defined above [22] and therefore their hypercohomologies coincide.
